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============

Quantum metrology and quantum sensing^[@CR1],[@CR2]^ study parameter estimation limits in various physical systems by employing the fundamental laws of quantum physics. In particular this field seeks to optimize precision by utilizing quantum effects that have no classical analogs (such as entanglement and squeezing^[@CR3],[@CR4]^).

A unique feature of quantum sensing is the ability to apply coherent control to the probe and vary the measurement basis. In particular this provides the ability to nullify the measurement projection noise. However, the contribution of this phenomenon to estimation problems has received scant attention.

In this paper, we highlight this feature and show that it is a critical resource primarily for resolution problems, that can improve precision by orders of magnitude. Resolution problems are ubiquitous and highly important in science^[@CR5]--[@CR14]^, and roughly speaking are characterized by vanishing distinguishability; i.e, the sensitivity to the seperation between two close objects or frequencies vanishes as these get close enough. This effect usually results in divergent uncertainty, leading to a resolution limit. We show that it is possible to overcome the vanishing distinguishability by making the projection noise vanish as well, through a suitable control. These two effects can cancel each other out, leading to a finite uncertainty. We show that this is a general method to overcome resolution limits in quantum sensing.

Specifically, this method can be highly useful for analyzing complex spectrums with quantum sensors (such as quantum NMR problems^[@CR15]--[@CR18]^). An example for such a spectrum is illustrated in Fig. [1](#Fig1){ref-type="fig"}. While the two extreme frequencies can easily be estimated, the two central frequencies must be analyzed with a more sophisticated method, which eventually yields higher uncertainty. Here, we show that by using a quantum control, the spectrum can be shifted such that the projection noise vanishes. The vanishing projection noise implies a finite uncertainty irrespective of the frequency separation. In other words, the uncertainty does not diverge when the two frequencies merge. Furthermore, this method is extremely simple, unlike numerically demanding classical superresolution methods.Fig. 1A spectrum analysis problem. While it is relatively easy to estimate the two side frequencies, the estimation of the two close frequencies is challenging and becomes infinitely difficult when the frequencies merge
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Conditions for superresolution {#Sec3}
------------------------------

We first briefly review the pillars of quantum parameter estimation problems. A typical problem involves a quantum state $\documentclass[12pt]{minimal}
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We are now poised to formulate spectral resolution problems, which are the focus of this paper. In these problems we are given a signal (Hamiltonian) that oscillates with time. It consists of at most two frequencies, yet the exact number of frequencies (and their values) is unknown and need to be determined. To this end, a quantum probe interacts with the signal so that information about it becomes encoded on the probe and can be extracted by measurements. Once this information is extracted this problem boils down to a parameter estimation problem: the common strategy in these problems^[@CR6],[@CR13],[@CR22],[@CR23]^ is to assume that there are two frequencies and estimate them. If the estimation shows a significant overlap between the frequencies (significant with respect to the estimation error), it is concluded that the frequencies are not resolvable. However if the overlap is negligible, one can deduce that the signal consists of two frequencies (since the error probability is negligible). This implies that the figure of merit is $\documentclass[12pt]{minimal}
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This limitation appears in various resolution problems (not only spectral resolution) and stems from a property of vanishing distinguishability. Let us define what vanishing distinguishability means. Given the quantum state of a probe (density matrix $\documentclass[12pt]{minimal}
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As an example, consider a signal that acts on a qubit and is given by the following Hamiltonian:$$\documentclass[12pt]{minimal}
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It can be shown that this limitation appears for any quadratures: there exists a parameter $\documentclass[12pt]{minimal}
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So vanishing distinguishability is quite a common property and appears in different resolution problems, but does it always impose a limitation?

Eq. ([2](#Equ2){ref-type=""}) shows that whenever the quantum state of the probe ($\documentclass[12pt]{minimal}
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Let us show that these states can be simply characterized:
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We briefly illustrate a proof: Given a spectral decomposition $\documentclass[12pt]{minimal}
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This condition can be shown to be equivalent to $\documentclass[12pt]{minimal}
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This criterion shows that the only way to overcome a vanishing distinguishability is by nullifying the projection noise of one of the outcomes.

This condition is a special case of a more general (multivariate) criterion. In the multivariate version $\documentclass[12pt]{minimal}
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Before we move on to applications in quantum sensing, a few remarks are in order: An accurate formulation of the superresolution condition is $\documentclass[12pt]{minimal}
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We also remark that in all cases examined in this paper (as well as in the imaging case) the eigenvalue goes as $\documentclass[12pt]{minimal}
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Application: spectral resolution without coherence {#Sec4}
--------------------------------------------------

Consider now again the problem of spectral resolution, with the signal defined in Eq. ([1](#Equ1){ref-type=""}), and such that it suffers from shot-to-shot noise: in each measurement the frequencies are the same but the quadratures are random, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$${A}_{i},{B}_{i} \sim N\left(0,\sigma \right)$$\end{document}$, and other noise models are addressed in Supplementary Note 11. This scenario is illustrated in Fig. [2](#Fig2){ref-type="fig"}, and is relevant for different applications, such as communication protocols, spectrum analyzers and nano NMR^[@CR15],[@CR16],[@CR27]--[@CR35]^, in particular when the time required to perform projective measurement is longer than the coherence time of the signal (this is the case with NV centers, due to the large number of iterations needed, and with trapped ions, where the re-cooling process might be longer than the coherence time of the qubit).Fig. 2The problem of resolution without coherence. The quadratures of the signal in different measurements are random. The question we address is whether resolution is limited by the length of individual measurements

It is quite clear that the fluctuations of the quadratures remove the purity of the probe, which can give rise to superresolution states. Let us examine this.

Consider a standard Ramsey experiment, in which the probe is initialized in $\documentclass[12pt]{minimal}
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Our claim is therefore: Given the above noise model, there exist measurement schemes that satisfy the superresolution condition and thus achieve $\documentclass[12pt]{minimal}
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So nullifying the projection noise indeed cancels the vanishing derivative and a finite $\documentclass[12pt]{minimal}
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The obtained FI can be still quite poor and far from optimal. Note that it goes as $\documentclass[12pt]{minimal}
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We tested this method numerically by generating data of two frequency signal (with the corresponding noise model) and performing a Maximum-likelihood estimation (MLE) to find $\documentclass[12pt]{minimal}
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This method can be understood in the following simple and intuitive way: If there is only a single frequency and $\documentclass[12pt]{minimal}
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Limitations and imperfections {#Sec5}
-----------------------------

The method, as analyzed so far, assumes knowledge of all the other parameters ($\documentclass[12pt]{minimal}
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We next address the consequences of imperfect measurements. The effect of imperfect measurements is similar to that of incoherence, therefore the measurement infidelity sets a resolution limit. We consider a model in which there are two different outcomes and there is a finite probability to get each outcome from both states (as is the case for the NV center^[@CR44]^). Namely the probability of detecting an outcome that corresponds to the bright state is: $\documentclass[12pt]{minimal}
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Let us now address the multivariable estimation protocol. In any realistic scenario $\documentclass[12pt]{minimal}
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Observe that now a multivariate estimation should be performed, which means that at least three different measurements are needed; each measurement in a detuning that is optimal for a different parameter. Numerical results and further analysis are presented in Supplementary Note 7.

Additional applications: quantum resolution methods for sampling {#Sec6}
----------------------------------------------------------------

Superresolution with quantum Fourier transform (QFT): Consider the signal (Hamiltonian) in Eq. ([1](#Equ1){ref-type=""}), if the coherence time of the signal is relatively long, its spectrum can be found by sampling it (where sampling means Ramsey measurements of the probe in different times). Several recent experiments implemented this scheme^[@CR37],[@CR38],[@CR47]^. The straightforward (and natural) way to analyze this data is by fitting the power spectrum of the measurement outcomes, however it was shown in ref. ^[@CR23]^ that this method suffers from a resolution limit. The reason is again that the (average) power spectrum is symmetric with respect to $\documentclass[12pt]{minimal}
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A different method for the same problem is superresolution with correlation spectroscopy: The Hamiltonian is the same, but now perform two measurements and correlate between them using a single memory qubit, namely the state of the memory qubit after the two phase accumulation periods is $\documentclass[12pt]{minimal}
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Discussion {#Sec7}
==========

We presented methods that are capable of resolving frequencies beyond the resolution limits ($\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{{\rm{r}}}t\ll 1$$\end{document}$) in quantum spectroscopy. Those methods are special cases of a general superresolution criterion: one can overcome the vanishing derivative by making the projection noise vanish at the same rate. The main method that was analyzed (resolution without coherence) is applicable with state of the art experimental capabilities and does not require involved numerical analysis.

It would be interesting to inquire whether similar ideas are relevant to other resolution problems, such as resolving the locations and the frequencies of single neighboring spins.

The methods presented above are not perfect, they are limited by the noise of the signal and the dephasing of the probe, whether one can overcome these limitations is an open question.

Methods {#Sec8}
=======

Derivation of density matrix and probabilities {#Sec9}
----------------------------------------------

Given a noise model on the amplitudes, the quantum state of the probe is described by the following density matrix:$$\documentclass[12pt]{minimal}
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Effective Hamiltonian derivation {#Sec10}
--------------------------------

In this section, we derive the effective Hamiltonian that appears in the main text. Given a Hamiltonian: $\documentclass[12pt]{minimal}
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Observe that this exact phase is obtained by the following effective Hamiltonian (note that no approximation is used here):$$\documentclass[12pt]{minimal}
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This derivation can be trivially extended for a signal that consists of two frequencies.
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